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Weak Compactness in dual spaces of C∗-algebras
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We shall survey the different characterizations of weak compactness in the dual
space of a C(Ω)-space, a general C∗-algebra, and the more recent criterium of weak
compactness in the dual of a JB∗-triple. A. Grothendieck [4] initiated the study
of these problems in 1953, proving the following characterization: a bounded subset
K in the dual of C(Ω) is not relatively weakly compact if, and only if, there exists a se-
quence, (On)n∈N, of pairwise disjoint open subsets of Ω such that lim

n→∞
sup
µ∈K
|µ(On)| 6= 0.

Not much later, C(K)-spaces were replaced with general C∗-algebras by M. Take-
saki [6] and C. Akemann [1], establishing that a bounded set K in the predual of a von
Neumann algebra M is not relatively weakly compact if, and only if, there exists a se-
quence (pn) of pairwise orthogonal projections in M such that lim

n→∞
sup
φ∈K
|φ(pn)| 6= 0.

That is, weak compactness in M∗ is determined by the abelian subalgebras of M .
Consequently, relatively weakly compact subsets in the dual of a C*-algebra A are
commutatively determined by the abelian subalgebras of A∗∗. In a remarkable con-
tribution, H. Pfitzner [5] showed that weak compactness in the dual of a C∗-algebra,
A, is in fact determined by the abelian subalgebras of A. Based on more C∗-algebraic
techniques, we recently published a new and shorter proof of this results in [2].

There are many other (holomorphic) motivations to study JB∗-triples, but from
the point of view of Functional Analysis, one reason being that the class of JB∗-triples
is strictly wider than the class of C∗-algebras. In this wider setting, we obtained a
criterium of weak compactness for bounded sets in the corresponding dual spaces in
terms of sequences of mutually orthogonal norm-one elements in the original JB∗-
triple (see [3]), showing that relatively weakly compact subsets in the dual of a JB∗-
triple, E, are determined by the abelian subtriples of E.
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