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Abstract

A new voting rule for electing committees is described. Specifically, we
use approval balloting and propose a voting procedure guaranteeing that
if a committee representing (in a determined proportion) all voters exists,
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proportion. This condition is a generalization of the unanimity property and
the usual voting procedures in this context do not satisfy it.
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1. Introduction

Approval Voting (Brams and Fishburn, 1978; Fishburn and Brams, 1981)
is an appealing procedure for single-winner elections. Voters approve as
many candidates as they like (approval balloting), and a candidate wins if
no other candidate receives more approvals. Approval balloting can also
be useful in committee elections where a subset of candidates should be
selected. Although the model can be used for general situations, we are going
to focus on elections of committees of a predetermined size s (s-committees).
Besides we are interested in anonymous (treat voters fairly) and neutral (treat
candidates fairly) voting procedures.

There are different ways of aggregating approval ballots in order to chose
a s-committee. The most standard way of extending approval voting to this
context is to choose the candidates with the s highest number of approvals.
Other procedures rate the admissible committees not only by the level of
voters support, but also by its representativeness; in general, each procedure
will set a trade off between voters support and representativeness.

Kilgour (2010) and Kilgour and Marshall (2012) surveyed methods using
approval ballots in multi-winner elections. Some of them are generaliza-
tions of the approval voting procedure; others are related to threshold or
centralization procedures, where representativeness plays a more significant
role. Besides Simple Approval some interesting procedures are Net Approval
(Kilgour, 2010), Satisfaction Approval (Brams and Kilgour, 2010), Represen-
tativeness (Monroe, 1995; Potthoff and Brams, 1998), Proportional Approval
(Simmons, 2001), Threshold-Majority (Fishburn and Pekec̆, 2004), Minisum
and Minimax proximity (Kilgour et al., 2006), Sequential Proportional Ap-
proval (Thiele, 1890; Hoag and Hallett, 1926),...

All the above mentioned procedures fulfil unanimity; that is, when all
voters agree on a committee, this committee should be chosen. This fact
rarely occurs, since the voters have different opinions. Nevertheless, a com-
mittee for which all voters agree in a quarter of its components would be no
so rare. In this situation, it seems reasonable that all voters agree too in at
least a quarter of the selected committee. In this sense, it would be desirable
to achieve the broadest degree of consensus and to choose a committee in
which all voters opinions are considered in the greatest proportion. In this
work we look for a procedure fulfilling this property. As far as we know, the
usual procedures do not fulfil it.
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2. The model

We assume throughout that n > 1 and k > 1 are the numbers of voters
and candidates, respectively, and we denote by N the set of voters and by
K the set of candidates.

An approval ballot is a binary k-vector v = (v1, v2, ..., vk) ∈ {0, 1}k, where
the value 1 or 0 for vi indicates the approval or disapproval, respectively, of
candidate i. For each v = (v1, v2, ..., vk) ∈ {0, 1}k, |v| = Σk

i=1vi indicates the
number of approved candidates in the ballot v.

An approval ballot profile is a vector V = (v1, v2, ..., vn) ∈ {0, 1}nk where
vj ∈ {0, 1}k, j ∈ N , is the voter j’s approval ballot.

Although we sometimes use the candidates’ numbers to denote a commit-
tee, it can also be represented by a binary vector C = (c1, c2, ..., ck) ∈ {0, 1}k
where the value 1 or 0 for ci, i ∈ K, indicates whether candidate i is or not
a member of the committee C (a C-member). We also use i ∈ C to denote
that candidate i is in the committee C. As before |C| = Σk

i=1ci denotes the
number of members in this committee. For any approval ballot v and any
committee C, vC = Σk

i=1vici denotes how many candidates in committee C
are approved in the ballot v.

We denote by ξ the set of feasible committees, and by ϑ the set of ad-
missible ballots. In general, ξ ⊆ {0, 1}k and ϑ ⊆ {0, 1}k. In most cases
there are a priori restrictions on these sets and they can’t be the whole set
{0, 1}k. A typical restriction on ξ is that only committees with a fixed size
are possible. In this case, we will denote by ξs the set of committees with
exactly s members.

Ballot restrictions are often imposed in fixed-size committee elections.
Usual examples are when ballots that name more than a prefixed number of
candidates are discarded.2 Ballot restrictions mask the fact that the election
is conducted under approval balloting, but otherwise they do not affect the
way in how the selection of the committee is made.

Representational requirements are also very usual (balanced representa-
tion of men and women, representation from different geographical regions,
representation from different faculties or departments,...). These representa-
tional requirements are usually guaranteed by restricting the set of admissible

2For the elections to the Senate of Spain (upper house of the Spanish parliament) each
province elects four senators without regard to population. Under current legislation, each
voter should mark up to three candidates’ names.

3



committees (Subiza and Peris, 2014).
In general, a committee election problem under approval balloting can be

represented as (N,K, ϑ ⊆ {0, 1}k, ξ ⊆ {0, 1}k
)
. A committee choice proce-

dure is a function, possible multi-valued, ψ : ϑn −→ ξ, where CV ∈ ψ (V )
represents an elected committee when V ∈ ϑn is the approval ballot profile
proposed by voters.

Given a ballot profile V = (v1, v2, ..., vn), for any candidate i ∈ K,
App (V, i) = Σn

j=1v
j
i denotes the number of voters approving candidate i.

A natural way to use approval ballots to select a committee is to choose
the committee C ∈ ξ maximizing Σi∈CApp(V, i). This method is known as
Approval voting or Simple Approval and it is an obvious generalization of
approval voting for a single winner.

The size of the elected committee is a common restriction usually decided
in advance. We are going to focus on this context, in which the family of
feasible committees is ξs. Moreover we do not restrict voters’ opinions, so
ϑ = {0, 1}k. In this case, we call the choice procedure a s-committee choice
function, or a procedure for s-election for the problem

(
N,K, {0, 1}k, ξs

)
.

Approval voting for single-winner elections has been widely studied. The
procedure has appealing properties: individuals vote sincerely, it ensures the
choice of a Condorcet majority candidate if the preferences of voters are
dichotomous, it encourages participation, ... Then, a desirable property for
s-committee choice functions is that, when applied to the particular case
s = 1, the 1-committee is a candidate who wins under approval voting.

Definition 1. (Kilgour and Marshall, 2012) A s-committee choice function
is based on approval voting if and only if when s = 1 it selects the candidates
who win in single-winner approval voting.

We now present several examples introduced in Kilgour (2010) in order to
illustrate and compare the different procedures commented in the paper. Not
all the procedures are based on approval voting (see Kilgour and Marshall
(2012)).

Example 1. (Fishburn and Pekec̆, 2004) Nine voters have to choose a com-
mittee of three from eight candidates. Let {1, 2, 3, 4, 5, 6, 7, 8} be the set of
candidates. Table 1 shows the approved candidates for each voter.

Example 2. Six voters have to choose a two members committee from four
candidates. Let {1, 2, 3, 4} be the set of candidates. Table 2 shows voter’s
profile.
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Candidates
Voters 1 2 3 4 5 6 7 8

1 0 1 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 1 0
1 0 0 0 1 1 0 0 0
1 0 0 0 1 0 1 0 0
1 0 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0 1

Total 3 3 2 4 1 1 2 1

Table 1: Example 1 ballots profile

Candidates
Voters 1 2 3 4

2 1 1 0 0
1 0 1 0 1
1 0 0 1 1
2 1 0 1 0

Total 4 3 3 2

Table 2: Example 2 ballots profile

Example 3. Six voters have to choose a two members committee from six
candidates. Let {1, 2, 3, 4, 5, 6} be the set of candidates. In Table 3 the ap-
proved candidates for each voter are represented.

Table 4, taken from Kilgour (2010), compares different procedures in
the context of the three examples above. For a definition of the mentioned
procedures see for instance Kilgour (2010).

3. Unanimous procedures

A commonly accepted property is unanimity: if all voters agree on a
committee, this committee should be elected. In the case of s-elections, this
property is formally stated as follows.
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Candidates
Voters 1 2 3 4 5 6

2 1 0 0 0 0 0
1 0 1 1 1 0 0
1 0 1 0 1 0 0
1 0 1 1 0 1 0
1 0 0 1 0 1 1

Total 2 3 3 2 2 1

Table 3: Example 3 ballots profile

Example 1 Example 2 Example 3
Simple Approval 124 12/13 23

Satisfaction 124 12/13 12
Representativeness 147/234/247 23 12/13

Proportional Approval 124/234 12/13/14/23 12/13/23
Sequential Prop. App. 124/234 12/13/14 12/13/23

Threshold-Majority 123 14/23 12/13
Minisum Proximity 124 12/13 23

Minimax Count 123/124/125 12/13/14/23 13/23/25/26
126/127/128 34/35/36/45

Minimax Proximity 124 12/13/14/23 12

Table 4: Candidates in the selected commitees for Examples 1-3. Kilgour (2010)

Definition 2. A s-committee choice function ψ fulfils unanimity if when
there is a committee S ∈ ξs such that for each j ∈ N, |vj| = s and vjS = s,
then ψ(V ) = S.

In the context of approval balloting, where voters approve of as many
candidates as they like (probably more or less than s candidates), unanimity
should be redefined. The idea would be that when there is a committee with
all its candidates approved by all voters, then in each selected committee all
the candidates should be approved by all voters too.

Definition 3. A s-committee choice function ψ fulfils approval unanimity if
when there is a committee S ∈ ξs such that for each j ∈ N, vjS = min(|vj|, s),
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then for any C ∈ ψ(V ), vjC = min(|vj|, s).

Although all procedures fulfil unanimity, this property is rarely applied
because usually voters do not totally agree. Nevertheless, it would be desir-
able to achieve the broadest degree of consensus, and to choose a committee
in which all voters’ opinions are considered as much as possible.

The concept of α-unanimity is a generalization that tries to capture the
idea of a consensual committee. We first define, for each α ∈ [0, 1], each
approval profile V and each committee C, the α-agreement level as

dα(V,C) = |{j ∈ N : vjC ≥ α min
(
|vj|, |C|

)
}|

When a voter j does not approve any candidate, |vj| = 0, obviously vjC ≥
α min (|vj|, |C|) for any α. In other case, we can write the condition in the
definition of dα(V,C) as

vjC

min (|vj|, |C|)
≥ α

The parameter α can be interpreted as the proportion of the committee that
should coincide with any voter’s ballot in order to consider the committee
represents the voter. Therefore, α can be seen as the degree of consensus
required. The extreme cases appear when α = 0 (no consensus at all) and
α = 1 (approval unanimity). Then, we say that committee C is α-unanimous
if dα(V,C) = n.

Definition 4. A s-committee choice function ψ fulfils α-unanimity if when
there is an α-unanimous committee, the procedure selects α-unanimous com-
mittees. That is, if there is a committee S ∈ ξs such that dα(V, S) = n, then
for any C ∈ ψ(V ), dα(V,C) = n.

The property of α-unanimity implies that when there is a committee
so that all voters agree at least in a proportion α, the selected committee
should be also acceptable for all voters in the same degree. Of course, all
procedures satisfy 1-unanimity because it coincides with approval unanimity.
All procedures satisfy 0-unanimity too because for every C and V

d0(V,C) = |{j ∈ N : vjC ≥ 0}| = n.

We are interested in selecting committees with the greatest degree α of
consensus. As commented, unanimity seldom occurs, but for α < 1 the
consensus is not so rare.
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Definition 5. A s-committee choice function ψ fulfils consensus when it is
α-unanimous for all α ∈ [0, 1]

None of the procedures in Table 4 fulfils consensus. In order to see this
fact note that in Example 1, with 9 voters, for the committee S = 234,
we obtain d 1

2
(V, S) = |{i ∈ N : vjC ≥ 1

2
min (|vj|, |C|)}| = 9. Then any

consensual procedure must select committees containing at least half of the
proposed candidates for each voter, that is, d 1

2
(V,C) = 9. But for C1 = 124,

C2 = 147 and C3 = 123, d 1
2
(V,C1) = d 1

2
(V,C2) = 8 and d 1

2
(V,C3) = 5.

4. A consensual procedure

In order to define a consensual procedure, we need some previous nota-
tion. Although dα(V,C) can be computed for any α ∈ [0, 1], for

vjC

min (|vj|, |C|)
(1)

only a finite number of values are possible. Given a s-election problem(
N,K, {0, 1}k, ξs

)
, let

Λs = {α ∈ [0, 1] |α =
rt
t
, t = 1, 2, ..., s; rt = 0, 1, 2, ..t}

Λs is a finite set and contains all the possible values for the quotient (1), so
the relevant values of the parameter α. We denote by −→αs = (αj) the ordered
vector of the different values in Λs (i < j if and only if αi < αj). Note that,
for each −→αs, the last coordinate is 1 and the first one is 0.

For each voters’ profile V and each committee C in the s-election problem(
N,K, {0, 1}k, ξs

)
, we compute the vector U

−→αs (V,C), with the same number

of coordinates as −→αs, defined by U
−→αs
i (V,C) = dαi

(V,C) for all i.
Is easy to check that for each voters’ profile V and each committee C,

U
−→αs (V,C) is a non-increasing vector (i < j implies U

−→αs
i (V,C) ≥ U

−→αs
j (V,C))

and moreover U
−→αs
0 (V,C) = n. These properties allow us to define our proce-

dure for s-election problems.

Definition 6. Given a s-election problem
(
N,K, {0, 1}k, ξs

)
, the Lexiunani-

mous Approval choice function ψL assigns to each voters’ profile V any com-
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mittee C such that U
−→αs (V,C) is maximum with respect to the Lexicographical

order.3

Theorem 1. The Lexiunanimous Approval choice function ψL,

i) is a consensual choice function

ii) is based on approval voting

Proof.

i) Let α∗ ∈ [0, 1] and suppose there are S ∈ ξs and V ∈ {0, 1}n such
that dα∗ (V, S) = n. By construction, for each α′ < α∗, dα′ (V, S) = n.
Let us consider C ∈ ψL (V ). Then U

−→αs (V,C) <L U
−→αs (V, S). So,

dα∗ (V,C) = n and C is an α∗-unanimous committee.

ii) The possible values for α in a single winner problem are α = 0 and
α = 1. As d0 (V, i) = n for each candidate i, the Lexiunanimous
solution selects the candidate with the greatest value d1 (V, i); that is,
the candidates receiving more approval votes.

In Example 2, −→αs =
(
0, 1

2
, 1
)

and Table 5 shows vectors U
−→αs (C, V ) for

each feasible committee.

−→α2

C 0 1
2

1
12 6 5 2
13 6 5 2
14 6 6 0
23 6 6 0
24 6 4 1
34 6 4 1

Table 5: vectors U ~αs (C, V )

3The lexicographical order is defined as (x0, x1, ...xm) �L (y0, y1, ...ym) if and only if
there is i ∈ {0, 1, ...,m} such that xj = yj for all j < i and xi > yi. The weak relation
(x0, x1, ...xm) <L (y0, y1, ...ym) means (x0, x1, ...xm) �L (y0, y1, ...ym) or (x0, x1, ...xm) =
(y0, y1, ...ym).
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Vector (6, 6, 0) is maximum (with respect to the lexicographical order)
and then CL

1 = 14 and CL
2 = 23 are the selected committees according to the

Lexiunanimous Approval procedure. In Example 1, −→α3 =
(
0, 1

3
, 1
2
, 2
3
, 1
)
, and

it is easy to compute that ψL (V ) = CL = 234. In Example 3, −→α2 =
(
0, 1

2
, 1
)

and ψL (V ) = {12, 13}.

Example 1 Example 2 Example 3
Lexiunanimous Approval 234 23/14 12/13

Table 6: Lexiunanimous Approval committees for Examples 1-3.

The Lexiunanimous Approval choice function is a generalized approval
procedure and the only one, among the ones discussed in the paper, fulfilling
the consensus property. As the procedures in Table 4 do not fulfil consensus,
the Lexiunanimos Approval procedure does not coincide with any of them.
The examples in Table 4 might make us think that the Lexiunanimosus
Approval is a selection of the Proportional Approval solution. Example 4
shows that both procedures may select different committees.

Example 4. Ten voters have to choose a two members committee from four
candidates. Let {1, 2, 3, 4} be the set of candidates. Table 7 shows voter’s
profile. The Proportional Approval choice function proposes the committee
CPA = 12, whereas the Lexiunanimous Approval selects CL = 23.

Candidates
Voters 1 2 3 4

8 1 1 0 0
1 0 1 1 0
1 0 0 1 1

Total 8 9 2 1

Table 7: Example 4 ballots profile

A usual discussion, when choosing committees, is about the represen-
tativeness of the committee in the sense that each voter is represented by
some candidate (in the context of approval balloting, a candidate represents

10



a voter if and only if the voter approves of the candidate). There are situ-
ations where no committee can represent all voters but, when it exists, the
Lexiunanimous Approval procedure selects a committee representing all vot-
ers. In fact, the Lexiunanimous procedure will select committees representing
all voters through as many candidates as possible.
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Maŕıa Dolores Guilló, Fidel Pérez-Sebastián.

WP1215 ’Perron’s Eigenvector for Matrices in Distribution Problems’

B. Subiza, J.A. Silva, J. Peris.

WP1216 ’Executive Stock Options and Time Diversification’

J. Carmona, A. Leon, A. Vaello-Sebastia.

WP1217 ’Technology Diffusion and its Effects on Social Inequalities’

M. Magalhaes, C. Hellström.

WP1301 ’A Pareto Eficient Solution for General Exchange Markets with

Indivisible Goods when Indifferences Are Allowed’

B. Subiza, J. Peris.

WP1302 ’From Bargaining Solutions to Claims Rules: A Proportional Approach’
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