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Abstract
Let

ζn(z) =
n∑

k=1

1

kz
, n ≥ 2, z = x+ iy,

be the nth partial sum of the series of Dirichlet of the Riemann zeta function ζ(z). Every
ζn(z), n ≥ 2, is an exponential polynomial having infinitely many zeros distributed on a
vertical strip of finite width,

[
aζn(z), bζn(z)

]
× R, called critical strip, where

aζn(z) := inf {ℜz : ζn(z) = 0}

and
bζn(z) := sup {ℜz : ζn(z) = 0} .

The interest for knowing the upper extreme bζn(z) had its starting point in 1948 as conse-
quence of a paper of Turán [7] where he pointed out an intriguing connexion betweeen a
particular distribution of the zeros of ζn(z) near the line x = 1 and the Riemann Hypothesis.
Definitively, the estimate

bζn(z) = 1 +

(
4

π
− 1 + o(1)

)
log log n

log n

was settled in 2001 by Montgomery and Vaughan in [5] by completing a previous work of
Montgomery [4] of 1983, where it was proved inter alia that Turán’s result of 1948 concerning
the Riemann Hypothesis was vacuous.

About the lower bound aζn(z), in 2007, Borwein, Fee, Ferguson and van der Waall
[2, p. 25] proposed (stated without proof) the estimate

−(n− 3/2) log 2,

found after a hard computation. In 2009, Balazard and Velásquez-Castañón [1] gave the first
estimate of the lower bound

aζn(z) = −n log 2 + o(n),



or equivalently limn→∞
aζn(z)

n
= − log 2. The above estimate, independently of the enor-

mous importance of their paper [1], has the handicap of the imprecise term o(n) (we do not
know, for instance, if it is bounded).

Now, in this talk we will give the first estimate of aζn(z) with a bounded error not exceed-
ing log 2, so less than 1,

aζn(z) = − log 2

log
(

n−1
n−2

) +∆n, with lim sup
n→∞

|∆n| ≤ log 2.

Then, since limn→∞(n + a) log
(

n−1
n−2

)
= 1, for any a ∈ R, our result first confirms the

validity of the estimate −(n− 3/2) log 2, computationally obtained by Borwein et al. in [2].
Second, our estimate implies, in particular, that of Balazard and Velásquez Castañón in [1]
and, finally, it reveals the secret of o(n).
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